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Abstract. This paper proposes an approach to investigate normgoverned learning agents which combines a logic-based formalism with
an equation-based counterpart. This dual formalism enables us both to
describe the reasoning of such agents and their interactions using argumentation, and, at the same time, to capture systemic features using
equations. The approach is applied to norm emergence and internalisation in systems of learning agents. The logical formalism is rooted into a
probabilistic defeasible logic instantiating Dung’s argumentation framework. Rules of this logic are attached with probabilities to describe the
agents’ minds and behaviours as well as uncertain environments. Then,
the equation-based model for reinforcement learning, defined over this
probability distribution, allows agents to adapt to their environment and
self-organise.

1

Introduction

Research on agent-based social simulation results from the intersection of agentbased computing, social sciences, and computer simulation: it designs social simulations that are based on agent-based modeling, and implements them using
artificial agent technologies. A more specific development of this approach is
multi-agent based simulation (MABS) which is a research effort which brings
together researchers within the agent-based social simulation community and
the multi-agent systems community. Multi-agent based simulation has also addressed normative phenomena: the emergence, spreading, and internalisation of
norms, the dynamics of institutions and organisations, the development of cooperation and competition in norm-governed frameworks, etc. [7].
MABS typically differs from macro simulation techniques, since it aims at
explicitly modeling the individual behaviour of agents. In contrast, macro simulations are instead oriented to exploiting powerful mathematical models (e.g.,
equation-based and stochastic methods) where the characteristics of a large population are averaged together to model systemic features of the whole population
?
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[6]. Macro simulations may have some computational advantages, but they fail,
in comparison to MABS, to provide a qualitative internal description of the
agents.
In this paper, we address such issues by investigating a probabilistic rulebased argumentation which presents a dual formalism since it is logic-based
and, at the same time, an equation-based representation can be extracted from
it. So, we have a formal framework that allows us to describe entities and their
interaction at the micro level using a logic, and, at the same time, we can extract from this logical description an equation-based representation useful to
investigate systemic properties at the macro level.
Moreover, since social-cognitive models are encoded using a defeasible logic,
they have a formal representation which allows us to obtain faithful operational
simulations: the specifications of a social-cognitive model are directly executable
by a machine.
We illustrate our framework with two simple examples regarding norm emergence and internalisation in agent societies. We will describe agents in a logical
way and consider how they can acquire mental states, engage in individual and
social behaviour and adapt to an uncertain environment. Agents operate in a
setting where uncertain states and their dynamics are handled in a probabilistic
fashion. In particular, we assume that agents revise probabilities to deal with
uncertainty: agents’ mental states and actions are thus probable, and their dynamics is non-deterministic.
Following the view of J. Pollock [15], the motivation for defeasible reasoning is related to the limitations of the cognitive capacities of agents. Indeed, a
bounded agent must be able to adopt beliefs on the basis of incomplete information and to reach provisional conclusions while continuing its inquiries. In our
approach, defeasible reasoning is formalised via a common rule-based defeasible
logic instantiating Dung’s abstract argumentation framework, which provides
for “ergonomic” dialectical constructions, particularly useful when experts from
different disciplines or opinions are modelling or building a system. However,
defeasible logic is insufficient for the purpose of non-deterministic simulation,
since iteratively running an inference engine on the same knowledge base leads
always to the same outcome. For this purpose we shall combine defeasible reasoning with probabilities, using the framework presented in [18], where a logic
instantiating Dung’s argumentation framework is coupled with probabilities.
On the basis of an integration of rule-based argumentation and probabilities,
we address agents’ social adaptation to their uncertain environment under the
following assumptions:
– the environment is non-deterministic;
– agents do not have an explicit model of the environment (but they are allowed
to build by themselves such a model);
– the adaptation process is based on learning mechanisms;
– agents have bounded rationality;
– they are fallible.

We also assume that agents have only an approximate valuation of their action’s utilities: they have limited cognitive abilities, limited access to information
and a finite amount of time for deliberating and acting. They are rational but
fallible: they can be practically mistaken, in the sense that, given the utility distribution of possible actions, they may not choose the best action. At the same
time, those mistakes allow agents to explore new combinations that may turn
out to be very useful in some circumstances.
To meet all these assumptions, we shall propose a learning mechanism based
on the idea of reinforcement learning: an agent chooses its action based on a
probability distribution over the rules controlling its mental states and this probability distribution is updated at each instant based on the feedback from the
environment.
The overall stack of techniques we shall deploy in our approach is given in
Figure 1.
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Fig. 1. This diagram shows the layered architecture of our approach where each
layer addresses some requirements by integrating techniques layer-by-layer.

The proposed method is applied to two normative phenomena: norm internalisation (see [2]) and norm emergence (see [22]). The first phenomenon is captured
by representing explicit and exogenous norms adopted by the agents’ though de-

feasible rules. Such norms may be set by the designer of the MABS, but their
probabilities change as the agents interact with other agents and with the environment. Such probabilities identify different degrees of norm internalisation
(e.g.: if a norm is in the mental description of agents and the probability is 1, the
corresponding norm is fully internalized; if the value is 0 the norm is deactivated
in the mental profile of the agent, and so it is known but not internalized by the
agent).
However, we want to model also emerging and unplanned social norms. For
this purpose, we shall show how norms and conventions result from the agents’
mental and behavioural adaptation over time, since the logic also represents
the cognitive profile of agents. In this perspective, we are aligned to [1]’s view
in that emerging norms “rather than mere behavioral regularities” are “behaviors spreading to the extent that and because the corresponding commands and
beliefs do spread as well”.
Furthermore, while rules emerge because they reduce the cost involved in
face-to-face personal influence, we also want to cater for the emergence of inefficient norms. For this reason, our learning mechanism does not necessary lead the
system to converge towards an optimal equilibrium; it rather simulates a “realistic” non-deterministic agents adaptation. Although our learning mechanism is
not aimed at making the system converge towards a social optimal equilibrium,
it remains interesting to know the social optimum. This social optimum can be
computed via common algebra or using algorithms from artificial evolution.
The paper is organized as follows. After an introductory example in Section
2, the rule-based argumentation framework is given in Section 3, and its combination with probabilities is proposed in Section 4. In Section 5, we propose a
minimal structure for any theory catering for multi-agent systems and discuss
computational perspectives leading us to consider learning agents. We illustrate
the animation of agents societies by two examples in Section 6. Finally, we relate
our results with relevant approaches and work in Section 7 before concluding.

2

An example

In this section we present an introductory an example which illustrates the basic intuitions behind our probabilistic framework. The example addresses civil
liability, assuming that there is uncertainty both about the facts and about the
applicable rules.
Let us start with the rules. Assume that compensation for economic damages
is always granted (as indicated by probability 1 of rule r1 ), while compensation
is acknowledged only sometimes for health damages (as indicated by probability
0.8 of rule r2 ), and no compensation is usually given for moral damages (as
indicated by probability 0.2 of rule r3 ).
r1 , 1 : economicDamage ⇒ economicCompensation
r2 , 0.8 : healthDamage
⇒ healthCompensation
r3 , 0.2 : moralDamage
⇒ moralCompensation

Assume that the following forecasts can be made with regard to the judicial
assessment of the facts in a case concerning a car accident: it will almost certainly be established that there was an economic damage (that the car of the
plaintiff was destroyed as a consequence of the incident), there is some chance
that it will be established that there was a health damage (that the persisting
backache of the plaintiff was caused by the accident), and some chance that it
will be established that there was a moral damage (that the plaintiff has lost
the opportunity of taking a holiday because of the accident). The following facts
encode these assumptions:
f1 , 0.9 :
f2 , 0.2 :
f3 , 0.6 :

⇒ economicDamage
⇒ healthDamage
⇒ moralDamage

Now the issue we want to address is the following: how likely is that the plaintiff
will get those different kinds of compensation when going to court?
We shall handle this problem by considering all possible theories that can
be constructed by using these rules, and assigning a probability to each of such
theories. The probability that a conclusion φ holds will then be the sum of the
probability of all theories defeasibly entailing φ.
The probability of a theory containing rules {q1 , . . . qm } and not containing
rules {qm+1 , . . . qn } is a joint probability. If we consider that rules are independent, then this joint probability will be determined by multiplying the probabilities of rules in {q1 , . . . qm } and the complements of the probabilities of the rules
in {qm+1 , . . . qn } (namely, the probability that such rules are not adopted). Thus,
for instance, the probability that economic damage is accepted and that compensation is given on this basis is the probability of the set of theories with the following set of rules {r1 , f1 }, {r1 , f1 , r2 }, {r1 , f1 , f2 }, {r1 , f1 , r2 , f2 }, {r1 , f1 , r3 }, . . .,
that is, the set of all theories including the rules {r1 , f1 }.
According to the above information, economicCompensation is justified with
probability 0.9, which is the product of 1 × 0.9. The probability of having moral
compensation is instead: 0.6 × 0.2 = 0.12. These results are obtained since in
the given set of rules, there is no conflict, and therefore whenever a possible
theory contains an argument for φ, it will justify φ regardless of the inclusion or
exclusion of other rules.
The situation will be different if there is a 0.5 probability that the theory of
contributory negligence is adopted, according to which no compensation is due
if the plaintiff contributes to the damage, as expressed by the following rules
r4 , 0.5 : contributionT oDamage ⇒ ¬economicalDamage
r5 , 0.5 : contributionT oDamage ⇒ ¬healthDamage
r6 , 0.5 : contributionT oDamage ⇒ ¬moralDamage
which prevail over all other rules r1 , r2 , r3 and which are coupled with the fact
f4 , 0.5 : ⇒ contributionT oDamage
Then the relevant probabilities are the probabilities of the theories that do contain arguments justifying compensation for a certain kind of dosage, but do not

contain r4 , r5 , or r6 together with f4 . For instance, given these additional rules,
the probability of obtaining compensation for economic damage, will go down
to 1 × 0.9 × (1 − 0.5 × 0.5) = 0.675.
Note that the calculations we have made assume that the rules are stochastically independent. This is appropriate only in some contexts. In other contexts
the choice is not among single rules, but rather among alternative clusters of interconnected rules. In the following we shall consider both possibilities, namely,
that rules are stochastically independent and that they are not. The difference
is that stochastic independence allows us to assign probabilities to any possible
theory constructible out of a set of probable rules as a function of the probability
of the rules in the theory. This is not allowed when the rules are not stochastically independent, occurring in related clusters. Thus, in the remainder we shall
both provide a general theory for addressing such cases and provide a method
for computing probabilities.
A further aspect we shall address concerns the evolution of rules’ probabilities. The probability that a rule is applied can change dramatically over time,
even without a legislative intervention: for instance in Italy, until the beginning
of the 1980’s one could most probably get only compensation for economic damage, while at a later point, while still being possible that only economic damages
were obtained, it was more probable to get also health damages. The evolution
of rules on civil liability took place in a very complex and highly institutionalised
domain, through a learning process involving citizens, lawyers and judges. In our
analysis of normative evolution we shall use much simpler examples, which do
not include these complex institutional and social dimensions. This choice is motivated by the need of keeping the framework manageable and the presentation
clear.
However, we think that our model provides the basis for further developments. Our basic assumption is that agents experiment with rules, and that this
experimentation is guided by the fact that certain rules (or rule clusters) are
more successful than others, providing these agents with a higher utility (a utility for the individual agents or for their society), which increases the probability
of those rules. We think that this idea, while being directly applicable to simple scenarios, can also be applied to more complex situations, when expanded
with further learning mechanisms and normative structures (such as goals and
values). But this will be left to future research.

3

Argumentation framework

In this section, a rule-based argumentation framework is introduced. We see
how arguments are built from defeasible theories. Then a fixed-point semantics
defines justified arguments. Finally, the dialogue game used to compute justified
arguments is provided at the end of the section.
First of all, let us introduce some basic language and terminology. We start
with literals, and then define rules, rule preference and rule theories.

Definition 1 (Language). Let Atoms be a set of atomic formulas and Lbl a
set of labels.
Literals The set Lit of literals consists of all atoms and their negations (we use
±φ to cover positive and negative literals, namely, φ and ¬φ):
Lit = {±p|p ∈ Atoms}
Pure defeasible rules A pure defeasible rule has the form
r : φ1 , . . . , φ n ⇒ φ
where r ∈ Lbl, and φ1 , . . . , φn , φ ∈ Lit. Informally, this is a rule with
identifier r, stating that if φ1 , . . . , φn hold then φ presumably holds. A rule
with no antecedent, is written r :⇒ φ or simply r : φ.
Preference ordering Let R be a set of rules. Then  is an antisymmetric
partial order over R, i.e., if r  r0 then r0 6 r. Informally, a rule preference
r1  r2 states that rule r1 prevails over rule r2 .
Pure defeasible theories A pure defeasible theory is a tuple hR, Si where R
is a set of pure defeasible rules, and S is a set of preferences.
By combining the pure defeasible rules in a theory, we can build arguments
(we use the definition in [16], simplified to take into account that we just have
one type of premises, namely, rules). In what follows, for a given argument, Conc
returns its conclusion, Sub returns all its sub-arguments, Rules returns all the
rules in the argument and, finally, TopRule returns the last inference rule in the
argument.
Definition 2 (Argument). An argument A constructed from a pure theory
hR, i has the form A1 , . . . An ⇒r φ, where A1 , . . . , An are arguments constructed from hR, i and r : Conc(A1 ), . . . , Conc(An ) ⇒ φ is a rule in R. With
regard to argument A, the following holds:
Conc(A) = φ
Sub(A) = Sub(A1 ) ∪ . . . ∪ Sub(An ) ∪ A
TopRule(A) = r : Conc(A1 ), . . . , Conc(An ) ⇒ φ
Rules(A) = Rules(A1 ) ∪ . . . ∪ Rules(An ) ∪ {TopRule(A)}
The following example illustrates the notions just introduced.
Example 1. Given a rule set
R = {r1 : ⇒ a;

r2 : ⇒ b;

we have arguments:
A1 : ⇒ r 1 a
A2 : ⇒ r 2 b
A3 : A1 , A2 ⇒r3 c

r3 : a, b ⇒ c}

Let us now consider conflicts between arguments. In some argumentation
systems, two kinds of conflict are considered, rebuttal (clash of incompatible
conclusions) and undercutting (attacks on inferences). For our purposes, only
rebuttals are needed. To introduce rebuttals we need to define incompatible
literals. Let Lit be a set of literals, ψ an atom. We assume a function −, which
works with Lit and returns the set of literals which are incompatible for a given
literal. For the moment we assume that − returns a singleton: −ψ = ¬ψ and
−¬ψ = ψ. Conflicts between contradictory argument conclusions are resolved
on the basis of preferences over arguments using a simple last-link ordering
according which an argument A is preferred over another argument B, denoted
as A  B, if, and only if, the rule toprule(A) is preferred to the rule toprule(B)
(i.e. toprule(A)  toprule(B)).
Definition 3 (Defeats). An argument B defeats an argument A if, and only
if, ∃A0 ∈ Sub(A), such that Conc(B) = −Conc(A0 ), and A0 6 B.
Our semantics for argumentation frameworks is based on the Dung’s grounded
semantics [9] though other semantics could certainly be investigated.
Definition 4 (Argumentation framework and semantics).
Argumentation framework An argumentation framework is a pair hA, i
where A is a set of arguments, and ⊆ A × A is a binary relation of defeat.
In particular we assume that for any arguments A and B, B  A if, and
only if, B defeats A according to Definition 3.
Conflict-free set A set S of arguments is said to be conflict-free if, and only
if, there is no argument A and B in S such that B defeats A.
Acceptable argument An argument A is acceptable w.r.t. a set of arguments
S if and only if any argument defeating A is defeated by an argument in S.
Characteristic function The characteristic function, denoted FAF , of an
argumentation framework AF = hA, i, is defined as FAF : 2A ⇒ 2A and
FAF (S) = {A| A is acceptable w.r.t. S ⊆ A}.
Admissible set A conflict-free set S of arguments is admissible if and only if
S ⊆ FAF (S). If a set S is admissible then we write adm(S). The family of
the admissible sets of an argumentation framework AFT built from a pure
theory T is denoted as Adms(T ).
Grounded extension A grounded extension GE(AF ) of an argumentation
framework AF is the least fixed-point of FAF . The grounded extension of an
argumentation framework AFT built from a pure theory T is also denoted
as GE(T ). If there exists an argument A in GE(T ) such that Conc(A) = φ
we say that T defeasibly entails φ and write T `GE φ.

Justified argument and conclusion An argument A and its conclusion are
justified with regard to an argumentation framework AF if, and only if, A ∈
GE(AF ).
The following example illustrates the notions just introduced.
Example 2. Given a theory T = (R, ) where
R = { r1
r2
r3
r4
r5
= { r3

:
⇒ a,
:
⇒ b,
: a, b ⇒ c,
:
⇒ d,
: d ⇒ ¬c }
 r5 }

The grounded extension GE(T ) contains the following arguments:
A1
A2
A3
A4

: ⇒r1 a
: ⇒r2 b
: A1 , A2 ⇒r3 c
: ⇒r4 d

To establish whether an argument is provably justified, we shall use the dialogue
game of [17], according to which a dialogue between a proponent pro and a
opponent opp is a finite nonempty sequence of moves move(i) = (P layeri , Ai )
with 0 < i such that
– P layeri = pro if i is odd, and P layeri = opp if i is even,
– the argument Ai defeats the argument Ai−1 ,
– if P layeri = P layerj = pro then Ai is different than Aj .
A dialogue tree is a finite tree of moves such that each branch is a dialogue
and if P layeri = pro then the children of movei are all the defeaters of Ai . A
player wins a dialogue tree if the other player cannot move, and a player wins
a dialogue tree if it wins all the branches of the dialogue tree. An argument A
is provably justified if, and only if, there is a dialogue tree with A as its root,
and won by the proponent, else A is rejected. All provable justified argument are
justified., i.e. belongs to the grounded extension. An argument is justified w.r.t.
the grounded extension if and only if it belongs to the grounded extension, it is
rejected if and only if it does not belong to it.
A more efficient dialogue in terms of computation is obtained by prohibiting the proponent from moving an argument A that is itself attacked by the
arguments that the proponent moves against.

4

Probabilistic framework

In this section, we integrate probabilistic reasoning with the rule-based argumentation framework presented so far, developing the framework sketched in
[19]. We combine argumentation and probabilities in two ways:

– When rules are stochastically independent, each of them may individually
receive a probability. A probabilistic defeasible theory is thus defined as
theory consisting of a set of probabilistic rules.
– When rules are not independent, then we will assign probability values to
the theories where such rules occur, and the probability of a rule is thus
a marginal probability (i.e. the probability of one rule irrespective of the
probability of other rules).
Next, we will offer an analysis of the intuitive meaning of probability of rules
and theories. To do so, we first consider empirical probabilities to set a clear
interpretation of rules’ probabilities (Section 4.1), then, we deal with the related
theoretical probabilities using a Kolmorogov setting (Section 4.2). Finally, an
intensional computational technique tracking dialogue trees is proposed in case of
stochastically independent rules (Section 4.4). Notice that the method proposed
in Section 4.2 works fine even when rules are not independent: however, there is
a computational cost.
4.1

Empirical probabilities

In this section we provide an empirical foundation for the initialisation of rule
probabilities. We start considering a collection of sample theories obtained
through empirical inquiries or experiments (e.g. the theories that agents in a
certain population are likely to endorse or practice).
Given a multiset Γ of pure defeasible theories, each theory Ti consisting in a
set of rules Ri and a set of preferences among such rules Si (where same sample
theory may occur multiple times) we collect all rules and preferences in such theories into two sets, denoted by rul(Γ ) and sup(Γ ). If Γ = {hR1 , S1 i , . . . , hRn , Sn i}
then
n
n
[
[
Si
Ri
sup(Γ ) =
rul(Γ ) =
i=1

i=1

For simplicity, let us assume that the preference set is fixed, so that the preference
set of each sample theory coincides with sup(Γ ).
We can now proceed to assign probabilities to every rule in rul(Γ ), by considering the number of sample theories in Γ which contain r. The empirical
probability π(r) that a rule r appears in a sample set Γ of theories is:
π(r) = |Γr |/|Γ |
where Γr = {T |T ∈ Γ, r ∈ rul(T )}. Rules with probability 1 would appear in
every theory whereas rules with probability 0 would appear in no theory. It is
on this basis that we can introduce the notions of probabilistic defeasible rule
and probabilistic defeasible theory.
Definition 5 (Probabilistic defeasible rule and theories). A probabilistic
defeasible rule has the form
π, r :

φ1 , . . . , φ n ⇒ φ

where π is a probability assignment, r ∈ Lbl, and φ1 , . . . , φn , φ ∈ Lit. A probabilistic defeasible theory is a tuple hR, i of a set of defeasible rules and a set of
preferences over them.
Let us now consider the rules extracted from Γ , and the corresponding empirical probabilistic defeasible theory.
Definition 6 (Empirical probabilistic defeasible theory). The set
probrul(Γ ) of the probabilistic rules from Γ , contains any rule in rul(Γ ) expanded
with the appropriate probability:
probrul(Γ ) = {(π, r)|r ∈ rul(Γ ) ∧ π = π(r)}
The empirical probabilistic defeasible theory of a sample multiset Γ is the probabilistic defeasible theory hR, Si such that R = probrul(Γ ) is the set of probabilistic
defeasible rules of Γ and S = sup(Γ ) is the corresponding set of preferences.
Here is an example illustrating these concepts.
Example 3. Let us have the following sample multiset (with no preferences):
Γ = {h{r1 , r2 , r4 }, ∅i , h{r1 , r2 , r4 }, ∅i , h{r2 , r3 , r4 }, ∅i , h{r2 , r3 , r4 }, ∅i}
Though this multiset is not large enough to be statistically relevant, we use it
to illustrate the concepts presented so far: rul(Γ ) = {r1 , r2 , r3 , r4 }, sup(Γ ) = ∅
and probrul(Γ ) = {(0.5, r1 ), (1, r2 ), (0.5, r3 ), (1, r4 )}. The probabilistic theory of
Γ is hprobrul(Γ ), ∅)i.
Finally, the empirical probability of the admissibility of a set S of arguments
is simple: count the number of sample theories where the set S is admissible,
and divide this number by the size of the multiset Γ of sample theories:
P (adm(S)) = |Γadm(S) |/|Γ |
where Γadm(S) = {T |S ∈ adm(T ), T ∈ Γ }. Accordingly, the empirical evaluation
of P (Just(A)) is:
P (Just(A)) = |ΓA |/|Γ |
where ΓA = {Ti |Ti ∈ ΓA , A ∈ GE(Ti )}.
The empirical construction of a probabilistic theory from a sample multiset provides us with a frequentist semantics for rules’ probabilities. Though a
probabilistic theory does not cater for rules’ conditional probabilities, marginal
probabilities give important indications on the frequency of rules in a multiset.
4.2

Theoretical approach

We base our theoretical approach on Kolmorogov’s framework where the sample
space is Ω, an algebra on Ω is a set F (Ω) of all subsets of Ω (Ω belongs to

F (Ω)), (F is closed under union and complementation w.r.t. Ω). and, finally we
assume a probability function P be a probability function from F (Ω) to [0, 1]:
X
P (T ) =
P (T )
(1)
T ∈A

A sample space can be build from a multiset Γ by gathering all rules and preferences in Γ . Let ΩΓ denote all pure theories constructible from Γ :
ΩΓ = {hR, Si |R ⊆ rul(Γ ) ∧ S = sup(Γ )}
In the remainder, we call these theories constructible theories.
On this basis, and before moving on the proper probability of admissible
sets and thus justification, we need to deal with the probability P (T ) of a pure
theory T which is the following joint probability:
^
^
P (T ) = P (
ri ∈ Rul(T )
rj ∈
/ Rul(T ))
(2)
ri ∈Rul(T )

rj ∈Rul(ΩΓ )\Rul(T )

If the rules are stochastically independent, then:
Y
Y
P (T ) =
π(r).
r∈Rul(T )

[1 − π(r)]

(3)

r∈Rul(Ω)\Rul(T )

Unless otherwise specified, we do not assume in the remainder that rules are
stochastically independent. Of course, if the rules are not assumed independent
then we need rules’ conditional probabilities, and that information may not be
easily available. For this reason, given a partition {T1 , . . . , Tn } of the set Ω of
pure theories, any set Tj of pure theories is attached with a potential Q(Tj ),
and its probability is defined using an exponential model (here, a Boltzmann
distribution) of the form:
X
P (Tj ) = eQ(Tj ) /
eQ(Ti )
(4)
Ti

P

So, Ti P (Ti ) = 1. Roughly speaking, the quality of a set of pure theories can
be thought as a glue for rules forming arguments: the higher is the quality of a
set, the more the set elements are stuck together, the higher the probability of
the set. We encode in Section 5 some utilities into defeasible theories themselves
so that we can attach some potentials to pure theories.
4.3

Probability of justification, of conclusions, and of admissible
sets

Let us now define the probability of justification (or the rejection) of arguments,
and consequently of related conclusions, as well as the probability of admissible
sets. Since the grounded extension is based on the least complete extension, we
begin our presentation with the probability of an admissible set of arguments.

Given a probability space (Ω, F (Ω), P ), the probability that a set S of arguments
is admissible is the probability of the set of constructible theories in which S is
admissible:
[
P (adm(S)) = P (
T)
(5)
T ∈Ω:S∈Adms(T )

using the Kolmorogov finite additivity axiom, we obtain:
X
P (adm(S)) =
P (T )

(6)

T ∈Ω:S∈Adms(T )

This result answers the question: what is the probability of an admissible set S?
Or if the sample space has been built from a multiset Γ , what is the probability to
pick up a theory from Γ where the set S is admissible? Next, we will investigate
the case of a particular case of admissible set, the grounded extension.
What is the probability of justification of an argument or a conclusion w.r.t.
a probabilistic theory? To answer this question, we need to consider the unique
admissible set which is the grounded extension and which contains the argument
we are looking at. Thus, the probability of justification of an argument A is
P (Just(A)) = P (adm(S)) where S is the grounded extension.
The probability of a literal φ being justified/rejected w.r.t. a universe Ω, written P (Just(φ))/P (Rej(φ)), is the probability of the set of possible constructible
theories in which φ is justified/rejected:
P (Just(φ)) = P ({T |T ∈ Ω, T `GE φ})
P (Rej(φ)) = P ({T |T ∈ Ω, T 6`GE φ})
or, equivalently using equation 1:
P (Just(φ)) =

X

P (T )

T ∈Ω:T `GE φ

P (Rej(φ)) =

X

P (T ).

T ∈Ω:T 6`GE φ

Thus, the larger the proportion of constructible theories in Ω where φ is justified,
the higher the probability that φ is justified.
Example 4 (Running example). In this example we use atoms having the form
Ea (b), indicating that agent a performs action b. In particular Ea (lef t) (or
Ea (right)) states that a drives on the left (or the right) side of the street. Let
Γ be a multiset of pure defeasible theories from which we build a sample space
ΩΓ with rul(ΩΓ ) = {r1 , r2 , r3 , r4 }, and sup(ΩΓ ) = ∅ such that:
0.5, r1 : ⇒ ET om left
0.5, r2 : ⇒ ET om right

1, r3 :
1, r4 :

ET om left ⇒ ¬ET om right
ET om right ⇒ ¬ET om left

Thus, rules r1 and r2 appear in half of the theories in this sample set. The sample
space ΩΓ can be represented by a table where each column is a constructible
theory:

r1
r2
r3
r4

T1
1
1
1
1

Just(ET om left) 0
Just(ET om right) 0
∅
1

T2
0
1
1
1

T3
1
0
1
1

T4
0
0
1
1

T5
1
1
0
1

T6
0
1
0
1

T7
1
0
0
1

T8
0
0
0
1

T9
1
1
1
0

T10 T11 T12 T13 T14 T15 T16
0 1 0 1 0 1 0
1 0 0 1 1 0 0
1 1 1 0 0 0 0
0 0 0 0 0 0 0

0
1
0

1
0
0

0
0
1

0
1
0

0
1
0

1
0
0

0
0
1

1
0
0

0
1
0

1
0
0

0
0
1

1
1
0

0
1
0

1
0
0

0
0
1

We can compute, among others, the probability of the set T of constructible
theories in which ET om left is justified. Let’s assume stochastic independent rules:
P (T ) = P (T3 ) + P (T7 ) + P (T9 ) + P (T11 ) + P (T13 ) + P (T15 )
= π(r1 )π(r3 )π(r4 )[1 − π(r2 )] + π(r1 )π(r4 )[1 − π(r2 )][1 − π(r3 )]
+π(r1 )π(r3 )[1 − π(r2 )][1 − π(r4 )] + π(r1 )[1 − π(r3 )][1 − π(r2 )][1 − π(r4 )]
+π(r1 )π(r2 ).π(r3 )[1 − π(r4 )] + π(r1 )π(r2 )[1 − π(r3 )][1 − π(r4 )]
= π(r1 )[1 − π(r2 )]

ET om left is justified in the set T of theories, thus P (Just(ET om left) = P (T ),
that is, P (Just(ET om left) = π(r1 )[1 − π(r2 )] or 1/4.
Suppose now that we arbitrarily attach the following potentials to theories
denoted by their entailed justified actions just(ET om left) and just(ET om right),
and the theories denoted ∅ to cater for agents’ inaction: Q(just(ET om left)) = 10,
Q(just(ET om right)) = 10, Q(∅) = 0. Using a Boltzmann distribution, we have:
P (just(ET om right)) = 6.e10 /(6.e10 + 6.e10 + 5.e0 )
≈ 0.5
Similarly, we can compute that P (just(ET om left)) ≈ 0.5 and P (∅) ≈ 0.
In the remaining part of this section, we illustrate some results we can prove
from the framework just provided.
Theorem 1. Let hA, i be an argumentation framework. For any literal φ and
−φ supported by some arguments in A,
P (Just(φ) and Just(−φ)) = 0

and P (Just(φ)) + P (Just(−φ)) ≤ 1

Proof. Let (Ω, F (Ω), P ) a probability space. Consider the maximal sets of constructible theories T ∈ F (Ω) such that ∀T ∈ T , T `GE φ and T 0 ∈ F (Ω)
such that ∀T 0 ∈ T 0 , T 0 `GE −φ. T ∩ T 0 = ∅, thus P (T ∩ T 0 ) = 0. Since
P (Just(φ) and Just(−φ)) = P (T ∩ T 0 ), we obtain P (Just(φ) and Just(−φ)) =
0.
Proof. Let (Ω, F (Ω), P ) a probability space. Consider the maximal sets of constructible theories T ∈ F (Ω) such that ∀T ∈ T , T `GE φ and T 0 ∈ F (Ω) such
that ∀T 0 ∈ T 0 , T 0 `GE −φ. We know that for any set of constructible theories

A ⊆ Ω, P (A) ≤ P (Ω). Since T ∪ T 0 ⊂ Ω, we have P (T ∪ T 0 ) ≤ P (Ω). However,
P (Ω) = 1, thus P (T ∪ T 0 ) ≤ 1. Furthermore, T ∩ T 0 = ∅, thus P (T ∪ T 0 ) =
P (T ) + P (T 0 ). Consequently, P (T ) + P (T 0 ) ≤ 1. Since, P (T ) = P (Just(φ)) and
P (T 0 ) = P (Just(−φ)), we have P (Just(φ)) + P (Just(−φ)) ≤ 1.
Notice that the concept of plausibility (c.f. Dempster-Shafer theory) is interpretable as P lau(φ) = 1 − P (Just(−φ)).
Theorem 2. Let hA, i be an argumentation framework. For any literals φ
supported by any argument in A,
P (Just(φ)) ≤ P lau(φ)
Proof. Let (Ω, F (Ω), P ) a probability space. Since P (Just(φ))+P (Just(¬φ)) ≤
1 and P (P lau(φ)) = 1 − P (Just(¬φ)), we obtain P (Just(φ)) ≤ P (P lau(φ))
Theorem 3. Let hA, i be an argumentation framework. For any literal φ supported by any argument in A,
P (P lau(φ)) + P (P lau(−φ)) ≥ 1
Proof. Let (Ω, F (Ω), P ) a probability space.
P (P lau(φ)) + P (P lau(−φ))
= 1 − P (Just(−φ)) + 1 − P (Just(φ))
= 2 − [P (Just(−φ)) + P (Just(φ))]
However, P (Just(φ)) + P (Just(¬φ))
P (P lau(−φ)) ≥ 1.

≤

1, consequently P (P lau(φ)) +

Theorem 4. Let hA, i be an argumentation framework. For any literal φ supported by any argument in A,
P (Just(φ)) + P (Rej(φ)) = 1
Proof. Let (Ω, F (Ω), P ) a probability space. Consider the maximal sets of constructible theories T ∈ F (Ω) such that ∀T ∈ T , T `GE φ and T 0 ∈ F (Ω) such
that ∀T0 ∈ T 0 , T 0 6`GE . Since T ∪ T 0 = Ω, we have P (T ∪ T 0 ) = P (Ω). However,
P (Ω) = 1, thus P (T ∪ T 0 ) = 1. Furthermore, T ∩ T 0 = ∅, thus P (T ∪ T 0 ) =
P (T ) + P (T 0 ). Consequently, P (T ) + P (T 0 ) = 1. Since, P (T ) = P (Just(φ)) and
P (T 0 ) = P (Rej(φ)), we have P (Just(φ)) + P (Rej(φ)) = 1.
Before moving on the multi-agent system framework, we will give in the next
section a more compact form of probabilities computation based on dialogue
trees, which is only valid for stochastically independent rules.

4.4

Dialogue-based computation

In the previous section, we defined the probability of justification w.r.t. a probability space (Ω, F (Ω), P ), as the probability of the set of possible theories in
which an argument or a conclusion is justified. This definition is extensional in
the sense that the probability is defined by enumerating the possible theories in
which a literal is justified. This method is thus inefficient because the number of
possible theories grows exponentially with the number of rules being considered.
As an alternative, we propose another approach, which was originally sketched
in [20], and which is here presented in more detail. The method consists in computing intensionally the probability of justification by tracking the dialogue for
the justification of arguments.
Definition 7 (Constructible theories). The set Th(A) of constructible theories containing the rules of the argument A is defined as follows:
Th(A) = {T |T ∈ Ω, rul(A) ⊆ rul(T )}.
Thus, the probability of having a theory including A is obviously P (Th(A)).
Note that the constructible theories Th(A), in which the rules of an argument
A are included, may be different from the constructible theories in which the
argument A is justified.
A useful result regards the construction chance of a set ofTarguments. In case
rules are independent, given a set A of arguments, then P ( A∈A Th(A)) is the
product of the probability of the rules with which the arguments in A are built.
Theorem 5. Let (Ω, F (Ω), P ) a probability space, and let A be a set of arguments, if rules are stochastically independent then
P(

\

Y

Th(A)) =

A∈A

r∈

S

π(r)

A∈A rul(A)

Proof. We prove the theorem by induction over sample spaces (Ωn , F (Ω), P )
with
rul(Ωn ) = {r1 , r2 , . . . , rn }. Induction base: suppose the set rul(Ωn ) =
S
A∈A rul(A) and the set rul(Ωn+1 ) = rul(Ωn ) ∪ {rn+1 }, we have:
T
PΩn+1 ( A∈A
Q Th(A))
Q
= π(rn+1 ) r∈S
π(r) + [1 − π(rn+1 )] r∈S
π(r)
A∈A rul(A)
A∈A rul(A)
Q
S
= r∈
rul(A) π(r)
A∈A

Suppose the following induction hypothesis for Ωn+m :
PΩn+m (

\

A∈A

Th(A)) =

Y
S
r∈ A∈A rul(A)

π(r)

We have for Ωn+m+1 :
T
PΩn+m+1 ( A∈A Th(A))
T
T
= π(rn+m+1
T )PΩn+m ( A∈A Th(A)) + [1 − π(rn+m+1 )]PΩn+m ( A∈A Th(A))
= PΩn+m ( A∈A Th(A))
Using the induction hypothesis, we obtain:
\
PΩn+m+1 (
Th(A)) =
A∈A

Y
r∈

S

A∈A

π(r)
rul(A)

Definition 8 (Construction chance). The construction chance of an argument A is the probability that the argument is found in a constructible theory,
namely the probability P (ThA ) of the set of theories containing the rules of the
argument.
It follows from the previous theorem that, when the rules are stochastically
independent, the construction chance P (Th(A)) of an argument A is:
Y
P (Th(A)) =
π(r)
r∈rul(A)

On the basis of the idea of the construction chance of an argument we want now
to characterise the idea of its security chance, namely, the probability that the
constructing argument is justified.
Consider the simple case in which an argument B defeats an argument A.
What is the set of world theories where A is justified? The set of world theories
in which A is justified is the world theories in which A can be constructed and
B cannot, that is, the set of worlds theories including the set of rules in A and
excluding those of B. Formally, the probability of justification of A is
P (Just(A)) = P (Th(A)\Th(B)).
From set theory, we know that Th(A)\Th(B) = Th(A)∩Th(B)c where c indicates
the complement set. Thus, we obtain:
P (Just(A)) = P (Th(A) ∩ Th(B)c )
or
P (Just(A)) = P (Th(A)) − P (Th(B) ∩ Th(A))
Let h{A}, ∅i be another argumentation framework in which we associate the
probability P 0 (Just(A)). It is worth noting that P (Just(A)) ≤ P 0 (Just(A))
expresses the common sense observation that the probability of the justification
of an argument (or its conclusion) decreases in the face of new evidences against
this argument (and thus its conclusion). Moreover, the probability of justification
of A remains stable if the probability of construction of its attacking argument
B equals 0.

Example 5 (Running example; cont’d). Let Γ be a multiset of pure defeasible
theories from which we build a sample space ΩΓ with rul(ΩΓ ) = {r1 , r2 , r3 , r4 },
and sup(ΩΓ ) = ∅ such that:
0.5, r1 : ⇒ ET om left
0.5, r2 : ⇒ ET om right

1, r3 :
1, r4 :

ET om left ⇒ ¬ET om right
ET om right ⇒ ¬ET om left

We can build the following arguments L, R, N L and N R:
L:
R:
NR :
NL :

⇒r1 ET om left
⇒r2 ET om right
L
⇒r4 ¬ET om right
R
⇒r5 ¬ET om lef t

The apriori probability of the justification of L is computed as follows:
P (just(L))
= P (Th(L)\(Th(N L)\Th(N R)\Th(N L)))
= P (Th(L)) − P (Th(L) ∩ Th(N L)\N R\N L))
= P (Th(L)) − P (Th(L) ∩ Th(N L)) + P (Th(L) ∩ Th(N L) ∩ Th(N R)\N L))
= P (Th(L)) − P (Th(L) ∩ Th(N L)) + P (Th(L) ∩ Th(N L) ∩ Th(N R))
−P (Th(L) ∩ Th(N L) ∩ Th(N R) ∩ Th(N L))
If the rules are assumed stochastically independent then:
P (Just(L))
= π(r1 ) − π(r1 )π(r2 )π(r4 ) + π(r1 )π(r3 )π(r4 )π(r2 ) − π(r1 )π(r3 )π(r4 )π(r2 )
= π(r1 )[1 − π(r2 )]
Thus, as expected, we retrieve the result from Example 4 with independent rules.
Next, we will consider the more general case in which we have a chain of attacking
arguments such that an argument An is defeated by An−1 . The probability that
An is successful is:
P (Just(An )) = P (Th(An )\Th(An−1 ) . . . \Th(A2 )\Th(A1 ))
From results of probability theories, this can be transformed into the more ergonomic form for computation:
P (Just(An )) =

j=i
i=n
X
\
(−1)n+1 P (
Th(Aj ))
i=1

j=1

What about the case in which we have several attacks on a single argument? Let
A be an argument attacked by n arguments B1 , . . . , Bn , we have:
p(Just(A)) = P (Th(A)\(Th(B1 ) ∪ . . . ∪ Th(Bn ))

This expression can be transformed as follows:
Sn
P (Just(A)) = P (Th(A) ∩ ( i=1 Th(Bi ))c )
= P (Th(A) ∩ Th(B1 )c ∩ . . S
. ∩ Th(Bn )c )
n
= P (Th(A)) − P (Th(A)
∩ i=1 Th(Bi ))
Sn
= P (Th(A)) − P ( i=1 Th(A) ∩ Th(Bi ))
The computation can be achieved by developing the above expression using the
inclusion-exclusion principle:
P(

n
[
i=1

Ei ) =

k=n
X

X

k=1

I⊂{1,...,n},|I|=k

(−1)k−1

P(

\

Ei )

i∈I

where Ei = Th(A) ∩ Th(Bi ).
Example 6. Let’s h{A, B, C}, {B  A, C  A}i be an argumentation framework,
the probability of justification of A is:
P (Just(A)) = P (Th(A)\[Th(B) ∪ Th(C)])
Using the inclusion-exclusion principle, we obtain:
P (Just(A)) = P (Th(A)) − P (Th(A) ∩ Th(B))
−P (Th(A) ∩ Th(C))
+P (Th(A) ∩ Th(B) ∩ Th(C)).
Now consider a finite dialogue tree where each argument A is attacked by k
arguments Ak which are conclusions of k subtrees Dk . The probability of justification of the argument A can be reiteratively determined using the probability
of set difference and the inclusion-exclusion principle. Indeed, the probability of
justification of A is the following set difference:
[
P (Just(A)) = P (Th(A)\ Th(Di ))
i

where if Ai is attacked by m arguments Am , then
[
Th(Di ) = Th(Ai )\ Th(Dj )
j

and if Ai is attacked by no argument, then
Th(Di ) = ∅
Using the probability of set difference, we obtain:
[
P (Just(A)) = P (Th(A)) − P (Th(A) ∩ [ Th(Di )])
i

or,
P (Just(A)) = P (Th(A)) − P (

[
[Th(A) ∩ Th(Di )])
i

S
Finally, the probability P ( i [Th(A) ∩ Th(Di )]) is computed using the inclusionexclusion principle. Thus we can come up with the following definition.
Definition 9 (Security chance). The security chance P (Just(A)) of an argument A is the probability that A is justified:
P (Th(A)) − P (

[
[Th(A) ∩ Th(Di )])
i

Next, we will use our probabilistic rule-based argumentation framework as a
tool to design, investigate and run multi-agent systems.

5

Multi-agent theory and simulation

We propose now how to represent and structure the content of a multi-agent
theory. Then, computational perspectives are discussed and a simple learning
mechanism is given to turn out a multi-agent theory into an executable specification.
5.1

Probabilistic multi-agent theory

We need to extend as follows the formal language we have presented in the
previous sections: this will allows us to further define multi-agent systems.
Definition 10 (Language for MAS). Let Atoms be a set of atomic formulas
of an underlying first order language, Lbl a set of labels, obj a parameter for
literals4 , Ag = {i1 , i2 , . . .} a finite set of agents, Times = {t1 , t2 , . . .} is a discrete
totally ordered set of instants of time.
Results Let the set Results be defined as follows:
Results = {outi (X)|i ∈ Ag ∧ X ∈ R}
A proposition outi (X) affirms that agent i obtains utility X.
Basic literals Let Lit denote the set of basic literals: all atoms in Atoms or in
Results and their negations.
Lit = {±γ|γ ∈ Atoms ∨ γ ∈ Results}
4

As we shall see in a moment, obj is used to denote those factual statements that are
objectively true and so independent from the agents’ perspective.

Action literals An action literal has the form
±Eti φ
where i ∈ Ag, t ∈ Times, and φ ∈ Lit. It affirms that agent i attempts to
realise (does not attempt) state of affairs φ at time t.
State literals An state literal has the form
±Holdti φ
where i ∈ Ag ∪ {obj}, t ∈ Times, and φ ∈ Lit. It affirms that according
to agent i state of affairs φ holds (does not hold) at time t (a belief of agent i).
Obligation literals An obligation literal has the form
±Oblti φ
where i ∈ Ag ∪ {obj}, t ∈ Times, and φ ∈ Lit. It affirms that the agent i has
(not) the obligation to bring about φ at time t.
Rules The rules of our agents are probabilistic defeasible rules having the form
π, rt : φ1 , . . . , φn ⇒ φ
where r is a label (r ∈ Lbl), t is a time (t ∈ Times), and each φ1 , . . . , φn , φ
is a state literal, an action literal, or an obligation literal.
We assume an incompability function −, which returns the set of modal
literals which are incompatible for a given modal literal. Let t an instant of time
(t ∈ Times), let i denote an agent (i ∈ Ag), let M denote a modality Holdti ,
Holdtobj , Eti , Oblti or Obltobj and let φ be a literal. Each modal literal ±M φ is
incompatible both with its complement (M φ is incompatible with ¬M φ and
vice versa) and with the formula obtained by substituting the embedded literal
φ with its complement (±M φ is incompatible with ±M − φ and vice versa). Let
ψ denote an atom, we have:
−M ψ = {¬M ψ, M ¬ψ}
−¬M ψ = {M ψ, ¬M ¬ψ}

−M ¬ψ = {¬M ¬ψ, M ψ}
−¬M ¬ψ = {¬M ψ, M ¬ψ}

Let us informally clarify the language. We assume that agents process
external inputs from an objective environment into a subjective counterpart,
and (successfully or not) act upon this objective environment. We formally cater
for basic temporal epistemic features, agency and simple normative aspects by
temporalised prefix operators for literals that we present with their meaning in
the following list:

Holdti φ “It holds, from the viewpoint of an agent i at time t, that φ.”
Holdtobj φ “It objectively holds at time t that φ.”,
Eti φ
“The agent i is attempting at time t to bring it about φ.”
Obltobj φ “From an objective point of view,
it is obligatory at time t to bring about φ.”
Oblti φ
“From the point of view of agent i,
it is obligatory for agent i at time t to bring about φ.”
Note that we label our formulas with obj to indicate that the formula holds
objectively, namely, that is the case (rather than being merely believed by an
agent). We may say that obj embodies the objective point of view, that it only
accepts what is true. Thus, any prefixed literal subscripted by obj is called an objective environmental literal or environmental literals, while those subscripted
with i are called mental literals, or agents literals or subjective literals. Also,
notice that Eti φ does not denote a necessarily successful action of agent i, because agents operate in a probabilistic, non-deterministic framework and their
behaviour is governed by defeasible rules: thus, Eti φ stands, as we mentioned, for
i’s attempt to bring it about that φ at time t.
Theoretically, any sort of rules connecting those prefixed literals can be built
(enough to give them some meaningful interpretation), but we would like to
propose some typical rules which may be used when specifying a multi-agent
system. We need to distinguish environmental rules, holding in the environment,
and agent rules, namely, the agent’s beliefs in and commitments to rules.
Factual and normative environmental rules constitute of the environment
where the agents are located.
Factual environmental rules A factual environmental rule has the form
π, rt :

φ1 , . . . , φn ⇒ ±Holdtobj φ

where each φk , 1 ≤ k ≤ n, has the form either of ±Holdtobl ψ, ±Eti ψ or
±Obltobj φ. It connects environmental states of affairs (scientific laws and
empirical generalisations are factual environmental rules).
Normative environmental rules A normative environmental rule has the
form
π, rt : φ1 , . . . , φn ⇒ ±Obltobj φ
where each φk , 1 ≤ k ≤ n, has the form either of ±Holdtobl ψ or ±Eti ψ.
It expresses an exogenous norm establishing an obligation or a permission.
Let us now consider the agent rules. For our purposes, any agent is described
by the rules it endorses.
Sensor rules A sensor rule has the form
π, rt :

φ1 , . . . , φn ⇒ ±Holdti φ

where each φk , 1 ≤ k ≤ n, has the form either of ±Holdtobj ψ or ±Holdti ψ, but
at least one of these has the form ±Holdtobj ψ. Thus a sensor rule connects
at least an objective environmental literal to a subjective literal, allowing
the agent to form beliefs on the basis of perceptual inputs.
Mental rules A mental rule has the form
π, rt :

±Holdti φ1 , . . . , ±Holdti φn ⇒ ±Holdti φ

It relates subjective mental literals to each other.
Action rules An action rule has the form
π, rt :

φ1 , . . . , φn ⇒ ±Eti φ

where each φk , 1 ≤ k ≤ n, has the form either of ±Holdtobj ψ, ±Holdti ψ,
±Oblti ψ or ±Holdti ψ It connects some objective or mental literals or action
literals to an attempt to bring about a state of affairs or to refrain from it.
Obligation rules An obligation rule has the form
π, rt :

φ1 , . . . , φn ⇒ ±Oblti φ

where each φk , 1 ≤ k ≤ n, has the form either of ±Holdti ψ, ±Holdtobj ψ,
Obltobj ψ or ±Eti ψ. It allows the agents’ attitude to internalise obligations.
Outcome rules An outcome rule has the form
π, rt : φ1 , . . . , φn ⇒ Holdti outj (X)
where each φk , 1 ≤ k ≤ n, has the form either of ±Holdtobj ψ or of ±Eti ψ,
where i, j ∈ Ag and X is either a positive real number (benefit) or negative
real number (cost). It connects objective states of affairs or actions to an
outcome, namely the utility obtained by the agent as a consequence of such
states of affairs or actions.
Modeling dynamics of a system via actions is confronted to at least three wellknown difficulties, namely the qualification problem, the frame problem and the
ramification problem. This paper is not meant to discuss those problems and
how they may be dealt in an argumentative rule-based setting, and we assume
for our purposes that any attempt to bring about a state of affairs φ is defeasible
successful, expressed by the following schema rule:
π, rt :

Eti φ ⇒ Holdtobj φ

As we will see in the next sections, we assume that the probabilities of agents
rules change on the basis of a reinforcement learning mechanism according to

which an agent seeks for the behaviour with the highest utility (as established
by the applicable outcome rules).
A multi-agent system is encoded into a probabilistic theory whose rules are
environmental rules or agent rules, as distinguished above. The first hold in
the environment, regardless of the beliefs of an individual agent, the second
hold in the agent’s mind. The fundamental difference between those rules is
that the probabilities of environmental rules are assumed to be fixed, whereas
probabilities of the agent rules may be changed by the agent itself in order to
adapt to the environment.
Thus, we partition the probabilistic theory encoding a multi-agent system
into an environmental probabilistic theory (whose rules’ probabilities are not
meant to change), and probabilistic theories representing agents (whose rules’
probabilities may change). So, each agent i is represented by a probabilistic
theory Ti and the environment is given by a probabilistic theory Te .
Furthermore, we partition an environment Te into two sub-environments: a
first sub-environmental theory Te1 is used to compute the environmental facts
that agents can sense before behaving, and a second sub-environment theory Te2
aimed to compute the outcomes of agents’ acts. So we have Te = Te1 ∪ Te2 .
A multi-agent probabilistic theory T is the union of S
agents’ probabilistic
theories and the probabilistic environment theory: T = Te i Ti .
In the remainder, as for notation, since rules rt are indexed by an instant t
indicating their time of application, we shall superscript denotation for theories,
arguments or other concepts with t: for example, a theory T t denotes a theory
whose rules hold at time t.
5.2

Computational perspectives

Based on our probabilistic framework, and given a probabilistic multi-agent theory, we can either:
– compute its probabilistic extension, i.e. any probability of justification, or
– pick up a pure theory, and then compute its extension.
This allows us to differentiate:
– probable behaviours of agents as probable grounded extensions, and
– actual behaviours as the grounded extensions of pure theories.
The distinction between actual behaviour and probable behaviour induces the
distinction between the utility of a behaviour and the expected utility of a probable behaviour (see [18] for the computation of expected utilities in a similar
probabilistic framework).
Accordingly, we can take two perspectives:
– a systemic perspective: a global point of view, which is focused on globalsystemic features and values of the MAS as a whole (e.g. global wealth, index
of justice, etc.);

– an individualistic perspective: the perspective of a particular agent who is
assumed to aim at maximising its utility.
The two perspective are related, in the sense that to compute systemic properties, we can use a probabilistic analysis based on our probabilistic framework,
where each agent adopts its individualistic perspective.
Note that a particular global state, as for example the state in which the
maximal total wealth is obtained, necessarily corresponds to theories where the
probability of rules is either 1 or 0, the assumption according to which rules have
probability 0 or 1 is a special case where rules can be assumed independent,
Thus, such particular states we can easily looked for by computing their
probability and by assuming that rules are independent (see example 7 for a
simple illustration).
Example 7 (Running example; cont’d). In this example, we illustrate how the
algebraic expression of the probability of justification can be used to investigate
optimum states.
Suppose two agents i and j who can drive either on the left or on the right
side:
1, nrkt : Etk lef t ⇒ ¬Etk right
π(lkt ), lkt : ⇒ Etk lef t
t
t
t
π(rk ), rk : ⇒ Ek right
1, nlkt : Etk right ⇒ ¬Etk lef t
At each time t, the agents i and j may be paired in a scene:
γ, s0tij : ⇒ Holdtobj scene(i, j)
In a scene, if the agents both drive left, or right, then all is fine, while if they
do not drive on the same side of the road, then an accident may occur (we give
here all the grounded combinations):
0.5, ko.1ti : Holdtobj scene(i, j),
0.5, ko.2ti : Holdtobj scene(i, j),
0.5, ko.1tj : Holdtobj scene(i, j),
0.5, ko.2tj : Holdtobj scene(i, j),
1, ok.1ti : Holdtobj scene(i, j),
1, ok.2ti : Holdtobj scene(i, j),
1, ok.1tj : Holdtobj scene(i, j),
1, ok.2tj : Holdtobj scene(i, j),

Eti lef t, Etj right ⇒ Holdti outi (out1)
Eti right, Etj lef t ⇒ Holdti outi (out1)
Eti lef t, Etj right ⇒ Holdtj outj (out1)
Eti right, Etj lef t ⇒ Holdtj outj (out1)
Eti lef t, Etj lef t ⇒ Holdti outi (out2)
Eti right, Etj right ⇒ Holdti outi (out2)
Eti lef t, Etj lef t ⇒ Holdtj outj (out2)
Eti right, Etj right ⇒ Holdtj outj (out2)

where out1 < 0 and out2 > 0. Possible arguments are:
Ltk :
Rkt :
t
Sij
:
KO1ti :
KO2ti :
OKLti :
OKRit :

⇒lkt Etk left
N Rkt :
t
⇒rkt Ek right
N Ltk :
t
⇒s1tij Holdobj scene(i, j)
t
Sij
, Lti , Rjt
⇒ko.1ti
t
Sij , Rit , Ltj
⇒ko.2ti
t
Sij
, Lti , Ltj
⇒ok.1ti
t
Sij
, Rit , Rjt
⇒ok.2ti

Ltk ⇒nlkt ¬Etk right
Rkt ⇒nrkt ¬Etk lef t
Holdti outi (out1)
Holdti outi (out1)
Holdti outi (out2)
Holdti outi (out2)

KO1ti

KO2ti

OKRit

OKLti

N Lti

N Rjt

N Rit

N Ltj

N Lti

N Ltj

N Rit

N Rjt

N Rit

N Ltj

N Lti

N Rjt

N Rit

N Rjt

N Lti

N Ltj

N Lti

N Rjt

N Rit

N Ltj

N Lti

N Ltj

N Rit

N Rjt

Fig. 2. Possible dialogue trees.

The overall expected utility EU t of agents’ behaviours is computed as follows:
EU t = P (Just(Holdti outi (out1))).out1 + P (Just(Holdtj outj (out1))).out1
P (Just(Holdti outi (out2))).out2 + P (Just(Holdtj outj (out2))).out2
such that:
P (Just(Holdti outi (out1)))
= Th(KO1ti )\[Th(N Lti )\Th(N Rit )\Th(N Lti )] ∪ [Th(N Rjt )\Th(N Ltj )\Th(N Rjt )]
+Th(KO2ti )\[Th(N Rit )\Th(N Lti )\Th(N Rit )] ∪ [Th(N Ltj )\Th(N Rjt )\Th(N Ltj )]
P (Just(Holdti outi (out2)))
= Th(OKLti )\[Th(N Lti )\Th(N Rit )\Th(N Lti )] ∪ [Th(N Ltj )\Th(N Rjt )\Th(N Ltj )]
+Th(OKRit )\[Th(N Rit )\Th(N Lti )\Th(N Rit )] ∪ [Th(N Rjt )\Th(N Ltj )\Th(N Rjt )]

To find the maximum of EU t , we can look at solutions where the rules are independent. The algebraic analysis of EU t brings us to conclude that the maximum
of the expected utility is obtained when:
π(lit ) = 1, π(rit ) = 0, π(ljt ) = 1 and π(rjt ) = 0, or
π(lit ) = 0, π(rit ) = 1, π(ljt ) = 0 and π(rjt ) = 1.
So, as expected, the maximum is obtained when the agents drive on the same
side of the road.
As it is well-known from game-theory, agents optimizing their own utility do
not necessarily lead to a global optimum. So, since social systems and agents are
often trapped in some local optimum, we are interested in global equilibrium as
well as local equilibrium, but we are also interested in studying the dynamics

of the system, for example how conventions evolve. For this reason, we simulate
system dynamics by using a subjective perspective where agents optimize their
own utility based on reinforcement learning.

5.3

Learning agents

By learning agents, we mean agents that dynamically tend to update their knowledge in such a way as to select actions giving them higher outcomes (utilities).
In this sense, they are self-interested, but their utilities can also depend on other
agents’ utilities.
Since sanctions are expected to play an important role in normative multiagent systems, we base our multi-agent learning mechanisms on the paradigm
of reinforcement learning. At each time t, every agent senses a grounded environment randomly selected by Nature, and, on the basis of those environmental
inputs, every agent shall concurrently behave. For every agent, the selection of a
behaviour, is simulated by a probability distribution over all possible agent’s behaviours. The outcomes of agents’ behaviours are then entailed via the grounded
extension of agents’ pure theories (corresponding to the selected behaviours) and
the pure environmental theory. The outcomes obtained at t are then used to compute a time t + 1 every agent’s probability distribution over possible behaviours.
Before moving to the algorithm animating a multi-agent system described in
a probabilistic theory, we consider the notions of grounded environment, theory
utilities and behaviours.

Grounded environment. At each time t, agents concurrently behave on the
basis of a grounded environment. Thus, we assume that Nature plays first, and
then, the agents behave. An alternative could have been the concurrent plays
of the Nature and agents, but, that would correspond to the case of “blind”
agents. Nevertheless, such alternative can be simulated by considering an empty
environment.
A grounded environment is built using the reification in a new theory T of
the grounded extension of a theory T 0 .
Definition 11 (Grounded theory). The grounded theory T (GE(T 0 )) built
from the grounded extension of a theory T 0 is the theory hR, ∅i such that:
R={

⇒ φ | T 0 `GE φ}

We partition an environment Te into two sub-environments: a first subenvironmental theory Te1 is used to compute the environmental facts that agents
can sense before behaving, and a second sub-environment theory Te2 , called an
outcome theory, is used to compute the outcomes of agents’ acts. Accordingly,
t
t
, and agents behaves after sensing the
at each time t, we have Tet = Te1
∪ Te2
t
t
in the remainder.
grounded environment T (GE(Te1 )), denoted Ee1

Pure theory utilities and qualities. Once all the agents have behaved in a
t
t
grounded environment Ee1
, and given a pure outcome environment Te2
, some
outcomes and payoffs are entailed, and thus agents can evaluate the utility and
quality of their behaviors, that is, the utility and quality of their pure theories. To
deal with the stochastic dependence of agents’ rules, any pure theory is associated
with a potential (its quality) which is computed by an online weighted average
of utilities over time. Formally, the utility for the agent i of a pure theory Tit
t
associated to a grounded environment Ee1
, a pure environmental outcome theory
t
t
Te2 and other agents’ theories Ti is:
ui (Tit ) =

X

Xk

(7)

k

S t
t
t
where for each k, it exists an argument Ak ∈ GE(Ee1
∪ Te2
i Ti ) such that
conc(Ak ) = Holdti outi (Xk ).
Given the utility of a theory Tit selected at time t, its quality at time t + 1 is
computed using a weighted average over time:
Q(Tit+1 ) = Q(Tit ) + α.[ui (Tit ) − Q(Tit )]

(8)

where α ∈ [0, 1]. If Tit is not selected, then:
Q(Tit+1 ) = β.Q(Tit )

(9)

where β ∈ [0, 1]. The parameter α is the weight of the latest utility in order to
keep track of the non-stationary environment, the parameter β allows agents to
forget unused theories. At the initialisation of an agent i, say at time tinit , we
assume an arbitrary value for any Q(Titinit ) (typically 0).
Behaviours. If an agent is represented by n rules, the number of pure theories
constructible from them is 2n . Amongst all these theories, the agent has to search
which one is the most adapted to the environment. Such a large search space
is in practice very annoying because (i) it may require a lot of memory space,
and (ii) many theories may result into no action and so agents remain rather
inactive.
We reduce the search space by assuming that every rule with a constant
probability is independent. Thus, at each time t, a lottery is performed on agents’
theories Tit over the k fixed independent rules, resulting into 2n−k remaining
possible pure theories.
Then, to further reduce the search space and to obtain lively agents, we
consider the possible arguments and their defeat relations that can be built
from the 2n−k theories. We use the notion of behaviours: a behaviour is the set
of pure theories (within the 2n−k possible theories) supporting the same set of
t
) whose the
actions. Thus, a behaviour Bit is defined by a function B(Eit , Ee1
t
domain is a grounded environment Ee1 and a (possible empty) set of actions Eit ,
and whose the range is a set of pure theories exactly entailing this set of actions.

t
Definition 12 (Behaviour). Let Ee1
be a grounded environment at time t,
let i denote an agent and let Ti be its probabilistic theory, let Eit be a (possibly
empty) set of actions Eti φ and let Ti0 be the set of pure theories resulting from a
lottery on Ti over every rule with a constant probability.
t
We define the set of possible behaviours Bi (Ee1
) as a partition of Ti0 such that
t
t
t
a behaviour B(Ei , Ee1 ) ∈ Bi (Ee1 ) is the set of pure theories exactly entailing the
set of actions Eit :
t
B(Eit , Ee1
) = {Tit | Tit ∈ Ti0 ∧
t
∪ Tit `GE Eti φ} = Eit }
{Eti φ|Ee1
t
In the remainder, we shall write Bit or Bi (Ee1
) as a shortcut notation for
t
B(Eit , Ee1
) when the set of actions or the grounded environment has no
importance.

Example 8. Let Tom be an agent defined by a probabilistic theory TT om =
h{r1t , r2t , r3t , r4t }, ∅i:
, r1t :
, r2t :

1, r3t :
1, r4t :

⇒ EtT om left
⇒ EtT om right

EtT om left ⇒ ¬EtT om right
EtT om right ⇒ ¬EtT om left

An underscore indicates that the probability can be autonomously changed by
the agent. At each instant t, the associated sample space can be represented by
a table where each column is a constructible theory:
r1t
r2t
r3t
r4t

T1t
1
1
1
1

T2t
0
1
1
1

T3t
1
0
1
1

T4t
0
0
1
1

T5t
1
1
0
1

T6t
0
1
0
1

T7t
1
0
0
1

T8t
0
0
0
1

T9t
1
1
1
0

t
T10
0
1
1
0

t
T11
1
0
1
0

t
T12
0
0
1
0

t
T13
1
1
0
0

t
T14
0
1
0
0

t
T15
1
0
0
0

t
T16
0
0
0
0

Just(EtT om left)
Just(EtT om right)
∅

0
0
1

0
1
0

1
0
0

0
0
1

0
1
0

0
1
0

1
0
0

0
0
1

1
0
0

0
1
0

1
0
0

0
0
1

1
1
0

0
1
0

1
0
0

0
0
1

The rules r3t and r4t have a fixed probability, and thus, they are considered
independent. A lottery is performed on these rules, and since they have a probability equals to 1, then the search space is reduced to 24−2 = 4 theories:
r1t
r2t
r3t
r4t

T1t
1
1
1
1

Just(EtT om left) 0
Just(EtT om right) 0
∅
1

T2t
0
1
1
1

T3t
1
0
1
1

T4t
0
0
1
1

0
1
0

1
0
0

0
0
1

Each theory Tit in TT0 om = {T1t , T2t , T3t , T4t } is associated with an argumentation framework AFTit from which we can compute the grounded extension. It
results that the possible behaviours are:
– B({EtT om left}, ∅) = {T3t },
– B({EtT om right}, ∅) = {T2t },
– B(∅, ∅) = {T1t , T4t }.
The choice of Tom’s behaviour amongst these possible behaviours will be
based on a probability distribution taking into account the quality of each behaviour.
Behaviours’ probability. In accordance with our probabilistic setting using
equation (1), the probability of a behaviour Bit is the sum of the probabilities of
its constituting pure theories:
X
P (Bit ) =
P (Tit )
(10)
Tit ∈Bit

As a direct implication of the Kolmorogov’s axioms, we have the following
t
results. For any Bit ∈ Bi (Ee1
), P (Bit ) ≥ 0, for any distinct behaviours Bit and
t
t
t
t
t
Bj , since Bi ∩ Bj = ∅: P (Bi ∪S
Bjt ) = P (Bit ) + P (BjP
), and the normalisation of
t
probabilities of behaviours: P ( Bi ) = 1 and thus,
P (Bit ) = 1.
We assume that the same actions have the same effects. In other words, multiagent theories are such that, the same sets of actions in a given environment
(comprising other agents’ behaviours) imply the same outcomes, that is:
t
t
t
∀Tit ∈ B(Eit , Ee1
), ui (Ee1
∪ Te2

[

t
Tit ) = ui (B(Eit , Ee1
))

i

Moreover, the theories Tit of a behaviour Bit do not necessarily have the same
qualities over time (since the selection of a pure theory implies that other
pure theories are not selected, see 8 and 9). For this reason, we assume that
behaviours’ theories have the same qualities. As interpretation, we consider
that the selection of a pure theory stands for the selection of any other theory
belonging to the same behaviour, or in other words, the selection of a theory
implies the co-selection of the theories of the same behaviour. Another possible
assumption holds in the definition of sub-behaviours that partition a behaviour,
and each sub-behaviour corresponds to a unique theory.
We can now reuse equations (8) and (9) to compute behaviours’ quality
instead of theories’ quality. So, given the utility of a behaviour Bit selected at
time t, its quality at time t + 1 is computed using a weighted average over time:
Q(Bit+1 ) = Q(Bit ) + α.[ui (Bit ) − Q(Bit )]

(11)

where α ∈ [0, 1]. If Bit is not selected then:
Q(Bit+1 ) = β.Q(Bit )
where β ∈ [0, 1].
The behaviours’ distribution is computed via the equation (10):
X
t
t
P (Bit ) = eQ(Bi ) /
eQ(Bi )

(12)

(13)

Bi

where Q(Bit ) = Q(Tit ) + ln(|Bit |), such that Tit ∈ Bit . When Q(Tit )  ln(|Bit |),
then ln(|Bit | can be omitted to get an approximation of a behaviours’ distribution. Instead of using qualities, one can use the differences amongst qualities with
respect to the minimum quality in order to compute the probability distribution.
Finally, we add to equation (13) a learning parameter τi > 0 modulating
the “exploitation” of the pure behaviours that entail the highest outcomes and
“exploration” of other behaviours:
X
t
t
P (Bit ) = eQ(Bi )/τi /
eQ(Bi )/τi
(14)
Bi

With this very common distribution in machine learning, we have fallible
bounded rational agents who may explore new behaviours that may turned out
to be mistakes or, on the contrary, very useful. So, each probability update with
respect to behaviours’ qualities may not involve new improvements, but each
update has a probability of leading to an improvement.
MAS animation algorithm. The algorithm animating a population of
learning agents behaving in a non-deterministic environment and described by
a probabilistic defeasible theory is sketched in Algorithm 1.
With regard to our introductory assumption on fallible model-free learning agents with bounded-rationality within an non-deterministic environment,
the environment is indeed non-deterministic because it is modelled with probabilistic rules, the learning framework is indeed model-free in the sense agents
do not need an explicit model of their environment in order to behave rationally. Learned behaviours allow agents to economize on the calculation strategy
costs whenever facing a new situation, and thus it enables agents to adapt with
“bounded rationality”. Agents are fallible because the probability distribution
implies that they may choose behaviours appearing as mistakes. Finally, notice
that our agents are resilient because, even if some defeasible rules are deleted,
then agents may still have the possibility to re-configure themselves by learning
new useful behaviours.

Algorithm 1 Animation of a system of learning agents
S
- Intialise the system with a probabilistic theory Te i Ti with Te = Te1 ∪ Te2 ;
for t = 0 to tend do
- Do a lottery on independent fixed probabilistic rules (so Tet describing the environment results in one pure defeasible theory Tet );
t
t
- Compute the grounded environment Ee1
= T (GE(Te1
));
for each agent i do
t
- Compute the set of possible behaviours Bi (Ee1
);
t
- Compute the probability distribution over the behaviours Bi (Ee1
), e.g., using
a Boltzmann distribution:
X
t
t
eQ(Bi )/τi
P (Bit ) = eQ(Bi )/τi /
t )
Bit ∈Bi (Ee1

where τi > 0 is a computational learning parameter which controls the amount
of exploration versus exploitation;
t
- Do a lottery on the probability distribution of Bi (Ee1
) resulting in one bet
haviour Bi ;
end for
t
t
t S
- Compute the grounded extension GE(Ee1
∪ Te2
i Ti );
for each agent i do
for each behaviour Bit do
if Bit was previously selected then
Q(Bit+1 ) = Q(Bit ) + α.[ui (Bit ) − Q(Bit )] where α ∈ [0, 1]
else
Q(Bit+1 ) = β.Q(Bit ) where β ∈ [0, 1].
end if
end for
end for
end for
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Illustration

In this section, we illustrate our framework with two simple case studies of
normative phenomena: norm internalisation and norm emergence. Though, the
scenarios are quite different, our framework deals with them quite easily, showing
thus its expressiveness. The results of the simulations have been achieved via a
Prolog proof of concept implementation of the algorithm proposed in 1.

6.1

Case study 1: Norm emergence

In this case study, we simulate the emergence of the convention about driving
on either the left side or the right side of the road. This case study is meant to
be a simple illustration of our framework rather than a proper analysis of the
emergence of a convention (c.f. [3]). For our purposes, each agent i is encoded into
few rules of agency (a rule prefixed with an underscore means that its probability
can change via learning):
, lit :
⇒ Eti lef t
t
, ri :
⇒ Eti right
t
t
, inti : Oblobj right ⇒ Oblti right

1, nrit :
⇒ ¬Eti right
t
t
1, nli : Ei right ⇒ ¬Eti lef t
, cti : Oblti right ⇒ Eti right

An obligation to drive on the right side of the road is introduced at time 200,
and its violation is defined. It would be more natural to say that it is forbidden to drive on the left, but we use an obligation to somewhat simplify the
demonstration of norm internalisation.
1, oblt : t > 200
⇒ Obltobj right
t
1, vio1ti : Oblobj right
⇒ Holdtobj viol(i)
1, vio2ti : Obltobj right, Eit right ⇒ ¬Holdtobj viol(i)
We have a rule encoding the random generation of scenes between agents:
γ, stij : ⇒ Holdtobj scene(i, j)
We have rules defining the cases where an accident may occur:
0.5, kotij : Holdtobj scene(i, j)
1, ok.1ti : Holdtobj scene(i, j),
1, ok.2ti : Holdtobj scene(i, j),

Eti lef t,
Eti right,

Etj lef t
Etj right

⇒ Holdtobj accident(i, j)
⇒ ¬Holdtobj accident(i, j)
⇒ ¬Holdtobj accident(i, j)

The outcomes rules are defined as follows:
1, out1ti : Eti lef t
⇒ Holdti outi (10)
t
t
⇒ Holdti outi (10)
1, out2i : Ei right
t
t
1, out3.1i : Holdobj accident(i, j) ⇒ Holdti outi (−500)
1, out3.2tj : Holdtobj accident(i, j) ⇒ Holdti outj (−500)
1, out4ti : Holdtobj viol(i)
⇒ Holdti outi (−200)
1, inati :
1, na1ti :
1, na2ti :
1, out5ti :

Eit lef t
Eit right
Holdtobj inaction(i)

⇒ Holdtobj inaction(i)
⇒ ¬Holdtobj inaction(i)
⇒ ¬Holdtobj inaction(i)
⇒ Holdti outi (−1000)

The rule out5ti is artificially settled to force agents to drive so that we can show
the emergence of a convention. Without this rule, agents strongly tend to inhibit
themselves in order to avoid accidents.
At each time t, agents are randomly paired in a scene. In a scene, if the
agents both drive left, or right, then all is fine, while if they do not drive on the
same side of the road, then an accident may occur. An obligation to drive on
the right side is introduced at time 200. A violation triggers a fine.
At any time, every agent has the choice amongst the behaviours given in the
following table. The last behaviour, that is the compliance via internalisation, is
a sub-behaviour, and it is only possible when the obligation exists.
Name of the behaviours

Justified Arguments
leading to the actions

Inaction
Drive on the left
Drive on the right
Drive on the right
(via internalisation of the obligation )

∅
Lt : ⇒lit Eti lef t
Rt : ⇒rit Eti right
C t : IN T t ⇒cti Eti right

with the following arguments:
OBLt : t > 200 ⇒oblt Obltobj right
IN T t : OBL ⇒intti Oblti right
A typical simulation run is given in the Figure 3 where the probability of
different behaviours is graphed w.r.t. time. At the initial conditions (t = 0), the
probabilities for any agent to select a behaviour are equal. The graph shows an
emergence of a convention: all agents are strongly inclined to drive on one side of
the road (but this is a coordination game and so the emergence of the convention
deciding to drive on the other side of the road is equiprobably possible). At the
instant t = 200, an exogenous law introduces the obligation to drive on the
other side of the road, and as a result, agents begins to change behaviour. The
choice of the different behaviours ‘Drive on the right’ and ‘Drive on the right
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Drive
right
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1
0.9

via internalisation

0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1
0
0

50

100

150

200

250

300

350

400

450

Fig. 3. Emergence of a convention in a population of 1000 agents. Horizontal
axis: time. Vertical axis: probability of behaviours.

via internalisation’ allows us to show whether agents drive on the right because
they have the possibility to do so, or by compliance via the internalisation of the
obligation. Interestingly, some agents may continue to drive on the left for few
turns: this illustrates “sluggish” norms which, once emerged, tend to guide the
behaviour of agents even when they are facing a new environment.
6.2

Case study 2: Norm internalisation and punishment

Let us consider another case of norm internalisation where agents can punish
each other. Here, we do not adopt a rich cognitive model such as the one in [2],
where norm internalisation means “a mental process that takes (social) norms as
inputs and gives new terminal goals of the internalizing agent”. We assume that
the presence of the norm in an agent theory and its probability indicate respectively its internalisation and a (dynamic) measure of internalisation. However,
this view is simple, so we design below a case where the norm is in principle
exogenous and does not belong to the agents’ theory. What is endogenous are
the divergent mechanisms of deviance and of punishing the other agents for their
own violations: both of them are in agent’s theories and their probability can
change. In that sense, internalisation is here a concern of compliance. Other
interesting points of our simulation are that punishments are in fact group compensations to recover from violations (such as in tort law) and can be collective.
The environment is possibly represented by the rules:
1, oblt :
⇒ Obltobj a
t
t
t
1, comi : Oblobj a, Ei a ⇒ Holdtobj comply(i)
1, vioti : Obltobj a, ¬Eti a ⇒ Holdtobj viol(i)
1, damtj : Holdtobj violi ⇒ Holdtobj damage(j)

Any agent’s compliance, deviance or punishment is represented as:
, intti : Obltobj a ⇒ Oblti a
, vit : Oblti a ⇒ ¬Eti a

⇒ Eti a
cti : Oblti a
t
t
t
pi : Obli a, ¬Ej a ⇒ Eti punish(j)

with the following outcomes rules:
1, out1tj : Holdtobj damage(j) ⇒ Holdti outj (out1)
1, out2ti : Obltobj a, ¬Eti a
⇒ Holdti outi (out2)
VN t
t
1, out3i : j Ej punish(i) ⇒ Holdti outi (out3)
1, out4tj : Etj punish(i)
⇒ Holdti outj (out4)
where out1, out2, out3 and out4 are real numbers, and the outcomes rules have
the following meaning:
– out1ti : a violation damages any agent j, out1 < 0.
– out2ti : a deviant agent gets some benefits from the violation, out2 > 0.
– out3ti : an agent j punished by a threshold of N agents pays for the violation,
typically out3 = α.out1, α ≥ 1.
– out4ti : a punishing agent i receives a compensation, out4 = −α.out1.
For any agent, the possible behaviours are: inaction, punish, comply, violate,
punish and comply, punish and violate.
By slightly varying environmental rules and outcome values, it results a multitude of scenarios. Among them, an interesting and typical simulation run is
given in the Figure 4 where probabilities of behaviours are graphed w.r.t. time.
In this scenario, we can observe periodic picks of compliance. When the compliance probability is at its highest, the probability for deviance and punishment is
at its lowest. As time goes by, any attempt for deviance brings benefits without
punishment, thus the probability of deviance and punishment increases while
the probability of compliance decreases. At a certain point, the probability of
punishment attains a level for which collective punishment is realized. It follows a strong punishment of the deviant agents who return to become highly
compliant.
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Related work and discussion

Probabilistic argumentation. Our framework is a more formal development
of the probabilistic rule-based setting used in [18,20,21,19]. Other work on probabilistic argumentation is Dung and Thang [10] where the notion of probabilistic
argumentation graph is used along assumption-based argumentation. A related
approach based on probabilistic argumentation graphs is proposed by Hunter in
[13]. This notion of probabilistic argumentation graph is based on the consideration of sub-graphs of an argumentation graph: probabilities are then attached
to those sub-graphs. It is easy to see that that each sub-graph corresponds to
a set of worlds in our framework. Thus, the three approaches are very related,

1
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Fig. 4. Picks of compliance in a population of 1000 agents, and zoom on the last
pick. Horizontal axis: time. Vertical axis: probability of behaviours.

while we instantiate the Dung’s argumentation framework with rule-based arguments. Another line of long-term research is lead by Haenni [12], but how the
setting may apply to rule-based argumentation instantiating Dung’s argumentation framework is not clear.
Multi-agent learning. Multi-agent learning is a wide topic (see e.g. [23]).
We choose the paradigm of reinforcement learning since punishment can be
understood as a normative feedback for agents interacting in an environment
endowed with normative systems.
Work on multi-agent reinforcement learning (see [4] for a review) present
some challenges. Foremost among these is the definition of the goals. Some work
put forward the stability of learning dynamics in order to converge to a stationary
equilibrium (e.g. a Nash equilibrium), while other goals include the adaptation
to the behaviour of the other agents.
The stability requirement is advocated to help for the analysis of performance guarantees. In our case, we are more interested in a relevant model of
learning for social simulations than performance guarantees. For example, we do
not require that an agent converges to a best-response when the other agents
remain stationary. On the contrary, the barriers for the non-convergence to a
best-response have to be identified and understood at the level of the encoded
social systems. Obviously, a best-response behaviour is fully acceptable but there
is overwhelming evidence that such behaviours are not always observed in human societies. So, though the convergence to equilibria is a substantial aspect
for analyse, such convergence or stability is not a fundamental requirement at
all for our purposes.
The adaptation requirement according to which agents should adapt to the
dynamic behaviour of other agents is receivable for some aspects in regard to
simulation. However, some usual adaptation requirements seem irrelevant for our
case. For example, the notion of no-regret, sometimes but not always requested,
implies that any agent has to perform at least as good as in the cases of any
stationary strategy. No-regret requirement prevents any learning learner from

being exploited by other agents. Clearly, though no-regret agents are acceptable
and a system where no learning agent is exploited is desirable, many agents in
real conditions do not perform so well.
To resume, instead of a learning mechanism especially tailored for multiagents to guarantee some properties such as the convergence to a Nash equilibrium, we assume that each agent is endowed with a reinforcement learning
typically used for individual agent learning in order to reproduce the fallible
adaptation of individual agents. Nevertheless, our model-free multi-agent learning approach in which agents do not have an explicit model of other agents’
strategies is aimed to be improved for future investigations.

Game-theory. In terms of game-theory, our framework is most naturally interpretable as a repeated game played amongst agents within an environment
encoded into a defeasible logic. However, our approach based on learning contrasts to the traditional game-theoretical rational choice model of compliance
according to which agents calculate the benefit of violations against the cost of
norm compliance, and choose actions maximizing the expected utility.
The approximation according to which a mental state is attached to a probability can be re-approached to the use of a mixed strategy in game theory.
Indeed, a mixed strategy is usually defined as a probability distribution that
assigns to each available action a likelihood of being selected. If the learning parameter τ in the Boltzmann distribution tends to zero, then the behaviour with
the highest quality so far is selected with probability 1 and any other behaviour
has probability 0. So, one can regard simulations where agents select the best
strategy as a degenerate case.
Our agents have incomplete information in the sense they behave simultaneously without any knowledge of each other behaviours. Also, though we do
not assume that agents have perfect information. The agents behave without
knowledge of previous behaviours of other agents but they may have some imperfect information indirectly provided by the online weighted quality of possible
behaviours.
A related game-theoretical framework is evolutionary-game theory interpreted in terms of cultural evolution according which best adapted behaviours
propagate in a population (c.f. [24]). An evolutionary-game theoretical approach
provides an objective perspective (i.e. a global point of view) on the dynamics
of behaviours. So, it would be very interesting to investigate the relationships
between the present framework and replicator equations.

Normative multi-agent systems. There is plethora of frameworks for normative multi-agent systems, and many on social simulation works on norm emergence and spreading, which are based on specific mechanisms, such as social
power, leadership, sanction, reputation, imitation, off-line design, machine learning, cognitive architectures, emotions, network topologies (see e.g. [22]), etc.
Many simulations are not implemented using a logic programming language,

and thus, their operational model is left to the programmer with little possibility to monitor or verify it with respect to the specification. At the opposite, we
have models expressed in modal logics aimed at providing a verification semantics of such programs, but, on the assumptions that they are not undermined
by so-called paradoxes, they are usually not applied in practice. Between those
extremes, we have frameworks on executable logic-based specifications, for instance, [14] modelling self-governed institutions, that have a foundation in logic,
with an implementation. But, to our knowledge, they do not offer any integration
with probability theory and learning so far. Finally, no system integrating probabilistic rule-based argumentation logic-based agents with reinforcement learning
capabilities have been proposed in the literature.
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Summary and future work

In this paper, we proposed a framework with a dual formalism based on probabilistic rule-based argumentation to model and build norm-governed learning
agents. This integration allowed us to cater for:
– an account of environment model-free learning agents with fallible and
bounded rationality interacting in non-deterministic environments,
– the integration of quantitative with qualitative reasoning to model a system,
– a better communication among experts from different disciplines or opinions when modelling or building up a (multi-agent) system, thanks to the
ergonomic argumentation framework,
– a clear formalisation of multi-agent models with well-known argumentation
semantics,
– executable specification to faithfully run norm-governed systems,
– the simulation of norm emergence as well as the expression of exogenous
norms.
This framework is also meant to help to fill the gap between efforts in AI&Law
and research on multi-agent based simulation (c.f. [5]).
With regard to future work, we would like to test our approach with more
advanced and significant simulated scenarios to confirm its potential and feasibility.
Moreover, though argumentation-based reasoning and reinforcement learning
are salient features of cognition, agents’ behaviours cannot be reduced to them in
many (social) activities. We hope that the logic foundation of the framework will
help us to develop more sophisticated cognition. On this regard, we have in mind
the extensions of Defeasible Logic on temporal, epistemic and deontic aspects
(see e.g. [11]) since they are interpretable in a Dung’s argumentation framework.
With the integration of a probabilistic rule-based argumentation with learning, we hope to bring a useful tool at the service of the multi-agent systems
community, and in particular to investigate norm-governed learning agents systems.
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